
Higgs Branches, Magnetic Quivers,

and Hasse Diagrams

Marcus Sperling

Yau Mathematical Sciences Center, Tsinghua University (Beijing)

Strings and QFTs for Eurasian time zone

� July 8, 2020 �



Motivation

Higgs branch H of

d“3, . . . , 6 theory w/ 8 SUSY

§ classical exact

§ H|g2ă8“tF-terms“0u{GC

§ hyper-Kähler quotient

Coulomb branch C of

d“3 theory w/ 8 SUSY

§ quantum corrections

§ C“tdressed monopole op.u

§ symplectic singularity

Today's question: H|g2“8 “???

Known changes of H

§ 6d: tensionless strings � e.g. small E8 instanton [Hanany, Ganor '96]

§ 5d: instanton operators � e.g. SUp2q w/ Nf [Seiberg '96; Morrison, Seiberg '97]

Hg2ă8 “ Omin
DNf

Ñ Hg2“8 “ Omin
ENf `1



Proposed answer to: H|g2“8 “???

1© Derive magnetic quiver such that

H|g2“8 “ C pmagnetic quiverq

as equality of moduli spaces

[2004.04082: Bourget, Grimminger, Hanany, MS, Zhong]

[1912.02773: Cabrera, Hanany, MS]

[1904.12293: Cabrera, Hanany, MS]

2© Derive Hasse diagram for H|g2“8 such that

§ H|g2“8 foliated into symplectic leaves Lκ
§ with transverse slices Sκ,λ for Lκ ă Lλ

for each slice and each leaf: DDD magnetic quiver

[1908.04245: Bourget, Cabrera, Grimminger, Hanany, MS, Zajac, Zhong]
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5-brane webs in Type IIB

‚ Simultaneously: 5d gauge theory dynamics and UV �xed points

‚ Enhancement of global symmetry due to instanton operators

topological Up1qI : tr ‹ pF ^ F q

‚ Enhancement of H at �xed point?

‚ First studies of H8 for SUpkq SQCD with fundamentals

[Cremonesi, Ferlito, Hanany, Mekareeya '15; Ferlito, Hanany, Mekareeya, Zafrir '17]

ÝÑ Magnetic quiver [Cabrera, Hanany, Yagi '18]

‚ 5d Sppkq or SOpkq SQCD with fundamental �avours

§ �eld theory [Intrilligator, Morrison, Seiberg '97]

§ 5-brane webs + orientifolds [Brunner, Karch '97; Bergman, Zafrir '15; Zafri '16]

Aim: Improve with magnetic quivers



Rules for brane con�gurations

Type II brane con�gurations NS5�Dp�Dpp`2q [Hanany, Witten '96]

with NS5 Dp Dpp`2q

Rules:

§ k only if k “ 0, 1: SUSY condition / S-rule

§ Ø brane creation / annihilation

§ + rules for orientifolds Op˘, ĂOp
˘

Electric phase: Dp suspended between NS5

ÝÑ low energy e�ective (electric) theory

Higgs branch phase: Dp suspended between Dpp`2q

ÝÑ magnetic quiver?



Magnetic quivers

conventional electric theory proposed magnetic theory

Dp between NS5s Dp between Dpp`2q

k Dp
k

SUpkq k Dp
k

Uk

5d: [Cabrera, Hanany, Yagi '18], 6d: [Cabrera, Hanany, MS '19]
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5d: [Bourget, Grimminger, Hanany, MS, Zhong '20], 6d: [Cabrera, Hanany, MS '19]



Outline

1 Magnetic quivers from 5-brane webs

5-brane webs with O7 planes

5-brane webs with O5 planes

2 Hasse diagrams

Finite Coupling

In�nite Coupling

3 Exceptional families

4 Conclusions and outlook



5-brane webs with O7´ planes

5-brane web for Sppkq with Nf “ NL `NR fundamental �avours

constraint: Nf ď 2k ` 5 [Bergman, Zafrir '15]

p2,´1q p2,1q

¨ ¨ ¨ ¨ ¨ ¨

p2`k´NL,´1q p2`k´NR,1q

k

NL NR

O7´

NL NR

Quantum: O7´ resolved to r1, 1s 7-brane + r1,´1s 7-brane [Sen'96]

p2,´1q p2,1q

¨ ¨ ¨ ¨ ¨ ¨

p2`k´NL,´1q p2`k´NR,1q

k

NL NR

NL NR



...
...

p1,k´NLq p1,NR´kqk

k

k

k k

NL NR

NL NR

...

p1,k´NLq p1,NR´kq2k

k

NL`NR

NL`NR

5-brane web suspended on 7-branes

§ unitary magnetic quiver via [Cabrera, Hanany, Yagi '18]



E8 example: �nite coupling

p1,´3q
p1,2q

2

1

5`2

4`1`1

3`2

2`2

1`2

2

1

§ electric theory: Spp1q with Nf“7

§ magnetic gauge nodes

ÐÑ maximal subdivision

§ magnetic hypermultiplets

ÐÑ intersection number

1 2 2 2 2 1

11

C “ Omin
D7

“ Hgă8pSpp1q,Nf“7q



E8 example: in�nite coupling

4

3

2

1

3 5

6

4

2 § magnetic gauge nodes

ÐÑ maximal subdivision

§ magnetic hypermultiplets

ÐÑ intersection number

1 2 3 4 5 6 4 2

3

C “ Omin
E8

“ H8pSpp1q,Nf“7q
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5-branes with O5´ planes

5-brane web for Sppkq with Nf “ NL`NR fundamental �avours [Zafrir '15]

p2,1q

k
pk`2,1q

¨ ¨ ¨ ¨ ¨ ¨

pk´NR`2,1qpk´NL`2,´1q

NL NR

¨ ¨ ¨ ¨ ¨ ¨

Higgs branch phase

kNL NRNL´1 NR´11 11 1

¨ ¨ ¨ ¨ ¨ ¨

rk´NR`2,1srk´NL`2,´1s

2NL 2NR



E8 example: �nite coupling

5-brane web for Spp1q with 7 fundamental �avours

p2,1q

p3,1q r1,0s

r0,1s

r1,1s



Higgs branch phase

14 33 23 22 1211 1

r0,1s
r1,1s

Annihilate frozen branes

11 11 11 1111 1

r1,1sr1,´1s

Magnetic quiver (via max subdivision and intersection number)

D1 C1 B1 C1 B1 C1 B1 C1 B1 C1 D1

B0 B0

C “ Omin
D7

“ Hgă8pSpp1q,Nf“7q
[Benini, Tachikawa, Xie '10]

[Chacaltana, Distler, Tachikawa '13]
[Cabrera, Hanany, Zhong '17]



E8 example: in�nite coupling

14 33 23 22 1211 1

r0,1s

r1,0s

Brane web at in�nite coupling

44 3 33 23 22 1211 1

r0,1s

Magnetic quiver (via max subdivision and intersection number)

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1



Subtlety: C punframed ortho-symplectic magnetic quiverq “ ???

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

§ Same magnetic quiver for E-string: M5 on D4 singularity

[Hanany, Mekareeya '18; Cabrera, Hanany, MS '19]

§ Class S: sphere with 2 max and 1 min puncture of SOp8q

ÝÑ E8 SCFT [ Chacaltana, Distler '11; Ohmori, Shimizu, Tachikawa, Yonekura '15]

§ Hilbert series validation [Zhong, MSc Thesis '18]

[Bourget, Grimminger, Hanany, Kalveks, MS, Zhong � to appear soon]

Conclusion:

C “ Omin

E8
“ H8 pSpp1q,Nf“7q
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Higgs branch Hasse diagram

Example: 8 SUSY, Lagrangian

G gauge theory with matter content R Ñ Higgs branch HpG,Rq

t1u

H

G

LH

SH,t1u
Lt1u

HpC,Fq

HpH,R1q
HpG,Rq

LH , Lt1u . . . symplectic leaves

SH,t1u . . . transverse slice

§ H Ă G s.t. R|H “ ‘iairi

and AdjG|H “ AdjH `‘ibiri

§ Higgs G
VEV
ÝÝÝÑ H: ai ě bi, @i

§ H gauge theory with matter

R1“‘i‰triv pai´biqri

§ patriv´btrivq singlets

§ C “ CGpHq, dimpCq “ btriv

w/ atriv hypers in F of C



Hasse diagram

Symplectic singularties [Beauville '00]

admit foliation/strati�cation tLκu into symplectic leaves

§ mutally disjoint Lκ X Lλ “ H for κ ‰ λ

§ partially ordered Lκ ă Lλ ô Lκ Ă Lλ Ø Hasse diagram

§ closure Lκ “ symplectic singularity

§ ordered pair pLκ,Lλq, LκăLλ
Ñ transverse slice Sκ,λ “symplectic singularity

Nilpotent orbit closures:

minimal transverse slices S classi�ed [Kraft, Procesi '80]

§ Kleinian singularities An, Dn, E6,7,8 or

§ minimal nilpotent orbit closures an, dn, e6,7,8, . . .



Algorithm for Hasse diagram

Quiver subtraction [Cabrera, Hanany '18]

§ given magnetic quiver for H

§ identify minimal transverse slices

Ñ need complete list

Ñ extend [Kraft, Procesi '80]

§ subtract quiver realisation

Ñ need all possible realisations

§ read Hasse diagram

1 1 2 3 4 5 6 4 2

3

H

1 2 3 4 5 6 4 2

3
e8

1

1

A0

�

=

e8

A0

H
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Finite Coupling

Example: Spp2q with 9 �avours

2
¨ ¨ ¨

222 2 1211 1

r1,1sr1,´1s

8ˆ 7-branes

2
¨ ¨ ¨

22 22 1211 1

r2,1sr2,´1s

8ˆ 7-branes

1
¨ ¨ ¨

11 11 1111 1

r2,1sr2,´1s

8ˆ 7-branes

Spp1q with 7 �avours



d7

d9

t1u

Spp1q

Spp2q

Lt1u

LSpp1q

LSpp2q

HfinpSpp1q,Nf“7q
“

SSpp1q,t1u

SSpp2q,Spp1q

HfinpSpp2q,Nf“9q
“

SSpp2q,t1u

symplectic leaves transverse slices

with

C

˜

D1 C1

¨ ¨ ¨
Dk Ck Bk

¨ ¨ ¨
Bk Ck Dk

¨ ¨ ¨
C1 D1

B0 B0

4ˆ Bk & 5ˆ Ck

¸

“

$

&

%

SSpp2q,t1u, k“2

SSpp1q,t1u, k“1

C

˜

D1 C1 B1 C1

¨ ¨ ¨
C1 B1 C1 D1

B0 B0

6ˆ B1 & 7ˆ C1

¸

“ SSpp2q,Spp1q

same result via quiver subtraction [Cabrera, Hanany '18]
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In�nite Coupling

Example: Spp2q with 9 �avours

55 4 44 34 33 2322 21 1 1 1

r0,1s

open up 5d Coulomb branch direction

1+4 1+3 1+31+3 1+21+3 1+21+2 1+11+21+11+1 1+11 1 1 1

p2,1q

Spp1q with 7 �avours
at g “ 8



e8

d10L1

L2

L0

S0,1

H8pSpp1q,Nf“7q
“

S1,2 H8pSpp2q,Nf“9q
“

S0,2

symplectic leaves transverse slices

with

C

˜

D1 C1

¨ ¨ ¨
Ck`2 Dk`3 Ck`2

¨ ¨ ¨
C1 D1

C1

¸

“

$

&

%

L2 k “ 2

S1,2 k “ 1

C

˜

D1 C1 B1 C1

¨ ¨ ¨
C1 B1 C1 D1

B0 B0

7ˆ B1 & 8ˆ C1

¸

“ L1

same result via quiver subtraction [Cabrera, Hanany '18]



Comparison: �nite vs in�nite coupling

�nite coupling in�nite coupling symmetry enhancement

Spp1q Nf “ 7 d7 e8 SOp14q Ñ E8

Spp2q Nf “ 9
d7

d9

e8

d10

SOp18q Ñ SOp20q

§ non-abelian part of global symmetry via transverse slice to origin

§ Up1qI not in geometry of Hgă8 Ø nilpotent gaugino bilinear

§ matches symmetry enhancement [Bergman, Zafrir '15, Zafrir '15]
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Exceptional Families

Family Theory SU Theory Sp Magnetic quiver U Magnetic quiver OSp

E8

SUpk`1q˘ 1
2

2k`5

Sppkq

D2k`5

1

¨ ¨ ¨
2k
`
4

k
`
3

2

k ` 2

D1 C1

¨ ¨ ¨
Ck`2 Dk`3 Ck`2

¨ ¨ ¨
C1 D1

C1

E7

SUpk`1q˘1

2k`4

Sppkq

D2k`4

1

¨ ¨ ¨
2k
`
2

k
`
2

2 1

k ` 1

D1 C1

¨ ¨ ¨
Ck`1 Dk`2 Ck`1

¨ ¨ ¨
C1 D1

C1

U1

E6

SUpk`1q˘ 3
2

2k`3

Sppkq

D2k`3

1

¨ ¨ ¨
2k
`
1

k
`
1

1

k ` 1 1

D1 C1

¨ ¨ ¨
Dk`1 Ck`1 Dk`1

¨ ¨ ¨
C1 D1

U1

E5

SUpk`1q˘2

2k`2

Sppkq

D2k`2

1

¨ ¨ ¨
2k k

`
1

1

k 1

D1 C1

¨ ¨ ¨
Ck Dk`1 Ck

¨ ¨ ¨
C1 D1

U1

5d Duality [Gaiotto, H.-C. Kim '15; Hayashi, S.-S. Kim, K. Lee, Yagi '15]



Family

Dimension and

symmetry for k ą 1

at �nite coupling

Dimension and

symmetry for k ą 1

at in�nite coupling

Hasse diagram

�nite coupling

Hasse diagram

in�nite coupling

E8
2k2 ` 9k

sop4k ` 10q

2k2 ` 11k ` 16

sop4k ` 12q ...

d7

d9

d2k`5

...

e8

d10

d2k`6

E7
2k2 ` 7k

sop4k ` 8q

2k2 ` 7k ` 8

sop4k ` 8q ‘ sup2q ...

d6

d8

d2k`4

...

e7

d8

d10

d2k`4

...

e8

d10

d2k`4

a1

a1

a1

a1

E6
2k2 ` 5k

sop4k ` 6q

2k2 ` 5k ` 4

sop4k ` 6q ‘ up1q ...

d5

d7

d2k`3

...

e6

d7

d2k`3

E5
2k2 ` 3k

sop4k ` 4q

2k2 ` 3k ` 2

sop4k ` 4q ‘ up1q ...

d4

d6

d2k`2

...

e5

d6

d2k`2

matches symmetry enhancement [Bergman, Zafrir '15; Zafrir '15]
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Status on Magnetic Quivers

Magnetic quiver

§ Applicable for �nite and in�nite coupling Higgs branches

§ Predictions for moduli spaces

Type II brane constructions

§ without Op: unitary magnetic quivers � many advantages

§ with Op: orthosymplectic magnetic quivers � more subtle

Not limited to brane constructions

§ rank 1 4d N“2 SCFTs [Bourget, Grimminger, Hanany, MS, Zafrir, Zhong '20]



Status on Hasse Diagrams

Derivable from

§ Partial Higgsing for Lagrangian theories at �nite coupling

§ KP transitions in brane con�gurations

§ Quiver subtraction on magnetic quivers

Necessary data

§ Complete list of minimal degenerations � extend [Kraft, Processi '80]

Ñ new proposed slices [Bourget, Grimminger, Hanany, MS, Zafrir, Zhong '20]

§ Realisations as unitary and orthosymplectic magnetic quivers

Ñ e.g. exceptional families


	Outline
	Magnetic quivers from 5-brane webs
	5-brane webs with O7 planes
	5-brane webs with O5 planes

	Hasse diagrams
	Finite Coupling
	Infinite Coupling

	Exceptional families
	Conclusions and outlook

