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Assume the that non-trivial UV fixed point exist.

(The SCFT is uniquely determined.)
(c.f. Non-trivial UV fixed point for 5d N=1 SU(2) gauge theory. [Seiberg '96])

5d SCFT




Uv IR

RG flow 4 SUSY
gauge theory

Relevant deformation

Deformation
parameters:

Gauge coupling constant ¢
o . (Mass of instanton particle)

(0= %)

Il f » Hypermultiplet masses

mo > 0 1S a hecessary condition to obtain the gauge theory
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# YES in the following sense

RG flow IR
Relevant eg. 1, > 0 5d SYM

deformation
UV / I
UV duality
Sd SCFT
\ Another 5d SYM

Relevant or
deformation ©€- 70 <0 Non-Lagrangian theory



We would like to compute prepotential of the SCFT
defined for the whole parameter region
of the deformation parameters

“Complete” prepotential

F(a;, mg,my)

N

Coulomb
moduli
(vector multiplet)

deformation
parameters

—00 < My < 00, —00 < My < 00,



Property of complete prepotential

0. Defined for the whole parameter region

1 . Repl‘Oduce the IMS pl‘epOtential [Intriligator, Morrison, Seiberg *97]

- Agree with IMS Prepotential inside the parameter region for the gauge theory.
- Additional corrections may appear outside.

2. Consistent with the 5-brane web

OF
0

3. Respect the global symmetry
Invariant under the Weyl group of the global symmetry of the SCFT.

= (Monopole tension) = (Area of D3-brane in the web)

4. Consistent with UV-duality

Reproduce two or more different IMS prepotentials depending on the parameter region.

5. Derived from the Nekrasov partition function.
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Sd N=1 gauge theory at Coulomb phase

“IMS Pl'ep()tential” [Intriligator, Morrison, Seiberg "97]

= 1-loop exact
= Locally cubic due to gauge invariance

= Coefficients of the polynomial changes
depending on the parameter region.



IMS PrepOtential [Intriligator, Morrison, Seiberg "97]

FIMS — Fclassical =+ Fl—loop

1 k
Fclassical — §m0hij¢i¢j -+ gdzgk¢z¢]¢k
Gauge Chern-Simons
Kinetic term term
. 1 ,
@i : Vector multiplet, mo = — : Bare coupling

2

g
1
hij — Tr(TiTj), dijk — §Tf (TZ(TJTk -+ TkTJ)) ]

k : Chern-Simons level



IMS PrepOtential [Intriligator, Morrison, Seiberg "97]

FIMS — Fclassical =+ Fl—loop

Fl—loop_l_lzzR:R°¢3 1122 Z ‘W¢+mf‘3

] weWg
Vector multiplet Hypermultiplet
contribution contribution

R : Root of the gauge group, W Weight of the gauge group
f : Label for the hypermultiplet, my¢ : Mass of the hypermultiplet



Observation

F1100p ~ Z (BPS mass)3

BPS mass = Zniai + anmf
2 /

a; = (¢;) : Coulomb moduli n; : electric charge

my¢ : Hypermultiplet mass ny : fHavor charge

Coefficients of the polynomial changes at the place
where a BPS particle becomes massless



Digression: BPS formula for 4D and SD

4D theory:

Instanton is a 0 dim object ,
Magnetic monopole is a 1dim object (particle)

BPS particle mass = |n.a + n,,ap + nrmy

ne : electric charge, n,, : magnetic charge, ny¢ : flavor charge

SD theory:

Instanton is a 1 dim object (particle),
Magnetic monopole is a 2 dim object (string)

BPS particle mass = |n.a + ngmgo + ngm |

ne : electric charge, ng : instanton charge, mn¢ :flavor charge



New contributions in complete prepotential

Z (BPS mass)’

BPS mass = an‘@i NnoMo anmf
2 f

BPS particle with non-zero instanton charge
may also contribute when it becomes massless



Convention

1. Choose one Weyl chamber of the gauge group
(Absolute value for vector multiplet can be removed)

2. Rewrite the absolute value according to the identity

dma—2a]  Telesn-{ G20

r (r<0)

c.f. [Closset, del Zotto, Saxena '18]

1
FComplete — FIMS + 6 Z H ;TLZCLZ —+ o1 -+ ;nfmf HB

n’i’nf
ng>1

Vanishes if mo > |a;], |my]



Property of complete prepotential
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(p, q@) 5S-brane web diagram

[Aharony, Hanany '97]
[Aharony, Hanany, Kol '97]

01 234|56|7 8
S-brane web |+ -« -

/ (p,q) S5-brane = p D5-brane + g NS5-brane

q
. : (1,0) 5-brane = D5 brane
«— (0,1) 5-brane = NS5 brane
L p o
(1, —1) 1,1)
D5
NS5 NS5
D5




E1 SCFT (UV fixed point)

mgo > 0 mo < 0
&~ =) Another SUQ)
SU(2) gauge theory gauge theory

Qrete theta angle 0) \/
[
/T a\

Coulomb 9 .
phase 9a (Area) = 2a <§mo + Qa)
1 4 %mo + 2a
~ . | = —m0a2 —+ —a3 \:.A/
‘:’.:;:::::::::::::::::‘f 120’ 2 3
; ’ | 2a
%m() + 2a Agrees with

(<¢> = diag(a, _a)) IMS prepotential A



E1SCFT (UV fixed point)

mo > 0 mo <0 Non-Lagrangian theory
( s (Not gauge theory)
SU(2) gauge theory

(discrete theta angle )

< >
/ 1 \ 1
“myg a > ——my

2
Coulomb
phase

(Area) = a(mg + 4a)



Complete prEPOtential for E 1 theory c.f. [Morrison, Seiberg "97]

3

1 4
F=C 2

; moa 3 a
IMS prepotential

D1-brane:
instanton particle

1

6

| a

1 3
5110 ﬂ (mj terms) a >0
Contribution

from “‘instanton particle”

(BPS particle with non-zero instanton
charge at Coulomb phase)

Flop Transition

L g




Property of complete prepotential

0. Defined for the whole parameter region

1 . Repl‘Oduce the IMS pl‘epotential [Intriligator, Morrison, Seiberg *97]
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OF

= (Monopole tension) = (Area of D3-brane in the web)

O
3. Respect the global symmetry
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4. Consistent with UV-duality
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Global symmetry at UV fixed point
for SU(2) gauge theory with Nsflavor  (seiberg 961

SO(2Ny¢) x U(1); C En41

E
8 i ‘ E,=8U(S) (%J ‘
666660 SO
NV N —
SO(14) U) SO6) U()

E _ O
7@ e g oo E, =SU2)xSU(3)
N\ hy | - = Sﬂ
SO(12) U so@) U
Es Qoi olo E,=UDxSU2) 9
- N N soy O
SO(10) U() N
U
E. = 1 _
5 SO( ?C))i OJ}O E~1—SU(2) %
o ) By =U(1) U




How can we see the global symmetry E;=SU(2)
from prepotential?

Weyl reflection of E; [Aharony, Hanany, Kol *97]

mo — — 1My

1
% —
a— a 4m0

: ~ 1
“Invariant Coulomb branch parameter”: a = a + My

[Mitev, Pomoni, Taki, Yagi *14]

2 3
4 1 1
— §C~L3 — §m02& %3

Prepotential is invariance under the Weyl reflection of E;



SU(2) with N¢=1 flavor, E>=SU(2) x U(1)

Weyl Reflection of E>: (7,y,a) = (—x,y, a)

1 1 1 T .1
I°_1m0+1m1’ y.——zmg—l—zm, a—a—l—?mo
7 1
F=-a’—|2°+ -y’ |a
6 ( 7y>
1o~ 4 -3 1._ 3 -3 IMS prepotential
3/ +1 H PR _§ HS Contribution from
[a+ml]] 6 -9 instanton particle
Ha+;(mom)ﬂg/

Agree with the complete prepotential computed from the area

[H.Hayashi, S.S.Kim, K.Lee, F.Yagi ‘17]
c.f. [Morrison, Seiberg "97]



Complete Prepotential for 5d rank 1 SCFT

(SU(2) with Nr flavor)
Ny
8 — N 1 1
S (swfm02+zmk2)&+6 Y Jarwem]
k=1 weEweight of ENf+1

s1=7%1 0<ji< i<
séz:l:l 0<:1<y<7

248 terms
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Example of UV-duality (triality)

Sp(2) + 9 flavor
Rank 2 SCFT
with SO(20) > SU3)12 + 9 flavor
global symmetry
[4]—SU(2)—SU(2)—[3]

[D. Gaiotto, H. Kim ’15]

[H.Hayashi, S-S.Kim, K. Lee, F.Yagi '15, ’16]
[Y.Yun ’16]

[P. Jefferson, S. Katz, H. Kim, C. Vafa ’'18]



Complete Prepotential for the rank 2 SCFT
with SO(20) global symmetry

1 9
=< (@) — 2a3) + @103 — fz_:omf(dl + G2)

1 . R 5 3

+ = Z Z Hal—kslmi—i—szmjﬂ +6 JS:HCLQ—FS’ITL@H
0<i<j<9 i;iii i=0 s==+1

1 1

+ = Z Hdl—l—&g—l—— SZWLZH3
{s;==%1} 1=0

5
—|—é Z Z H2&1+&2‘|’Zskmzk“3

0<11<12<13<14<25<9 {Sk::lzl} k=1

a; (i=1,2): invariant Coulomb moduli

m; . SO(20) fugacity



Reduction to Sp(2) 9 flavor

S S
mg = mg"’, mf:mfp (f=1,2,---,9)
~ ~ S S S
a1 = a’’ +mSP,  ay = ad? (alp > a5’ > O)

. Sp Sp S
If we choose the parameter region m;" > |a;"|, |m F

§
1 9
Sp( Spy2 Sp¢ Spy\2
+aj" (ay") _izsz (a;")
=1 f=1
1 I 3
—|—6 h ‘Hafp_m?pm
i=1 f=1
_ pSp(2)+9F

— T IMS

g



Reduction to SU3)12 9 flavor

3
:—m§U+ g m mf—mf +—( g m ) (f=1,2,---9)
. 1
al—an—FmgU, a,2:a,§U Z(mgUE m?U> (aigU>0f2 >a:§qU—_an_a§U)

If we choose the parameter region mg Y>> \m}?U\, \&%9 U\

1
FComplete %6 ((an) (agU) ) T an (agU)

1
+ 2m§U ((a77)* +at"a3" + (a3")°)
9

_ _Zm?Uan SU_%Z( SU_|_a23U) (meU)Q
f=1
+%Z(ﬂaf —m}?Uﬂ +Ha§U—m?Uﬂ +ﬂ—a§U+m}§Uﬂ)

SU(3)1/2—|—9F
FIMS



Reduction to [4] —SU2)®—-SU(2)@ —[3]

i = Hem® £~ —m®), g = Lm{ = ) — P — ),
7%_;(m+m9 m® +m®), Tmzi(m+m9+mm _ON

ms = %m(()l) — Mpif me = %mél) T Mpif

7m_2<m+m9 ®+mm+m9%7%:;(m+mm+m@ m® +m®),
mg = ;( () 4 m(()2) m§2) — mg) mgf)), mo = ;( () 4 m(2) + m§2) + m(Q) mz(f)),
a; = =a@ + m(l) + m(2) ay = a — a4 %mél)

If we choose the parameter region m(() ), (2) > ]m(l)] ]m(Q)] !a(l)\ \a(z)!

1 1 1
Foomptete =7 (2(aV)? +5(a?)* =60V (a)?) + Smi (a®)? 4+ Smf? (o)
1 1 3
1 2
-5 Z ( ) Z ( ) (mbif>2
f=1 f=1
1 1

[4]—SU((2)—SU(2)—[3]



Example of UV-duality (triality)

IMS prepotential for
Sp(2) + 9 flavor

S S S
mg" > |a;”’ ], |mY

Complete Prepotential SU S 45U U
m > |a; |, |m
for I?ank 285CFT i . ' 'IMS prepotential for
with SO(20) SU3)12 + 9 flavor
global symmetry
m(()l), m(()2) > \m;l)\, ’m?)’, ]a(l)], ‘a(2)‘
IMS prepotential for

[4]—SU(2)—SU(2)—[3]
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Nekrasov partition function for 5D gauge theory on S!

ZR4><S1 (e—RaZ-’ 6—Rm07 e—Rmf €_R€1’2)

t _ : _ _ . _ _ _ 1
:Z]Ejisl(e Raz’6 Rm ¢ e R€12 (1_|_§ k41>r<1%51 Raz’e Rmf76 Rél’g)e 2kRm0>

Perturbative part Instanton part

== Perturbative Prepotential for 5D gauge theory on S!

pert . pert
Fpi, oo = lim erexlog Zpy, o
61,62-)0

== TMS prepotential for 5D gauge theory

L pert
FIMS = lim Fper
R—oo R R xS

Instanton effect disappears if Mo > |m¢/|, |a;]



Nekrasov partition function for 5D gauge theory on S!

ZR4><S1 (e—RaZ-’ 6—Rm07 e—Rmf €_R€1’2)

ert ( —Ra; _—R ~R gk-inst (—Ra; ,—R ~R —1kR
= Zpay o (€774 7 eT 2] (1—|—E panst (et e My e HL2) 072 m())

Perturbative part Instanton part

== Prepotential for 5D gauge theory on S!

61,62—)0

== Complete prepotential for 5D SCFT

1

FComplete = lim _FR4><5’1
R— o0

Additional terms appears from instanton part
if we consider the whole parameter region



Complete prepotential for SD SCFT

1 L | | o
Foomplete = Fims — & D (=R + 1) (25 + NIEIE L | Zninoins |

3

Zm,no,nf = Zniai + nomgo + anmf
0 f

_ . Gopakumar-Vafa invariant
(nz y 100, T f )

(JL,JR)

Problem: Contribution from infinitely many BPS particles

Resolution: For almost all the BPS particles,

Znimoms 20 = (| Znimom, |7 =0

inside the “Physical Coulomb moduli” <3F Complete - 0)
[P. Jefferson, H. Kim, C. Vafa, G. Zafrir *17] da; o



Summary of complete prepotential

0. Defined for the whole parameter region

1 . Repl‘Oduce the IMS pl‘epOtential [Intriligator, Morrison, Seiberg *97]

- Agree with IMS Prepotential inside the parameter region for the gauge theory.
- Additional corrections may appear outside.

2. Consistent with the 5-brane web

OF
0

3. Respect the global symmetry
Invariant under the Weyl group of the global symmetry of the SCFT.

= (Monopole tension) = (Area of D3-brane in the web)

4. Consistent with UV-duality

Reproduce two or more different IMS prepotentials depending on the parameter region.

5. Derived from the Nekrasov partition function.



Thank you!
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Parameter Space

mo + 4a =0




Key technique: Gopakumar-Vafa invariant

(JL JR)

i, Mo ,MN [JL ]R]tn
ZR4X51 — ZO exp ( Z > > ( 05 f) e_nRT(”i’”O’nf)

(non nf)ijRn 1 t2_t 2)(q2_q 2)

JR
_ . . . +71p+1 E E —1 /
k——JL EZ—jR

Tinimoms) = Y Miti +nomo + Yy _nymy
i f

(Jr,JR)

, . Gopakumar-Vafa invariant
(nz » 100, T f )



