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1. Introduction



4d 𝒩 = 3 SCFTs

𝒩 = 3 SCFTs has not been studied so much

The main reason is that

𝒩 = 3 vector multiplet with CPT inv. 𝒩 = 4 vector multiplet

enhancefree free

Some kinds of non-perturbative treatments 
are required for the construction!



The structure
𝒩 = 3 SCFTs

Enhanced to 𝒩 = 4

defined as an SCFT 
which does not have hedden 𝒩 = 4

Connected to a free theory
in the conformal manifold

Genuine 𝒩 = 3

Our interest

・No marginal deformation

・Only realized at strong coupling regime

・No Lagrangian description

It is difficult to construct it concretely 

Properties
[Aharony and Evtikhiev (2016)]



Realization as an S-fold
・Recently, one of the genuine 𝒩 = 3 is realized by the brane construction

How to construct

It is called S-fold!
A generalization 
of the orientifold

Identifications

Type IIB 
with 𝑁 D3s

𝒩 = 4
𝑈(𝑁) SYM

acts on 𝑥 ∈ 𝑆5

acts on string charge
𝑝 + 𝜏𝑞

S-fold theory

[Garcia-Etxebarria and Regalado (2016)]



S-fold projection for supercharge

Action:

S-fold projection:

standard orientifold

(depends on the convention)



Detail of S-fold
・Complex coupling 𝜏 is fixed for 𝑘 = 3,4,6.

Charge lattice must be invariant under ℤ𝑘 rotation

At least 𝜏 = 1

For example, 𝑘 = 3, 𝜏 = 𝑒
2𝜋𝑖

3 possible!

𝜏 is fixed, strongly coupled!
No Lagrangian description

For other 𝑘 except for 𝑘 = 2,3,4,6, impossible

𝑘 = 5

・For 𝑘 = 2, S-fold is standard orientifold and 𝜏 is any.



Purpose
・We want to investigate the S-fold theory 

which is one of the genuine 𝒩 = 3 SCFTs.

・For a strongly coupled field theory such as the S-fold theory, 
the superconformal index (SCI) is a good tool to study the theory,
because SCI does not depend on the coupling.

・The large 𝑁 limit of the S-fold theory has been studied by using 
Kaluza-Klein (KK) analysis, we focus on the finite 𝑁 of the S-fold theory.

・To find SCI of the S-fold theory, we will use AdS/CFT and work in 
Type IIB string theory on 𝐴𝑑𝑆5 × ( Τ𝑆5 ℤ𝑘).

In summary We will calculate SCI of the S-fold theory 
by using AdS/CFT in finite 𝑁.

[Imamura and S. Yokoyama (2016)]

[Kinney et. al. (2007)]



Superconformal index

Superconformal index (SCI) with 𝑺𝑼 𝟒 𝑹 fugacities

・Because the S-fold theory sometimes has 𝒩 = 4, 
it is convenient to include 𝑆𝑈 4 𝑅 fugacities to the index.

S-fold theory may be calculated on the string theory side
(AdS side)We will do it in this talk!

The bosonic subgroup of 𝒩 = 4 superconformal symmetry

Cartan’s in 
𝑠𝑜(6) baisis



2. Finite N correction to the index



Idea for approaching to finite 𝑁

𝑆𝑂(2𝑁) theory Not only trace ops. but also Pfaffian ops.

S-fold

Dimension ∼ 𝑁
contribute in finite 𝑁

also has Pfaffian ops. (only for trivial torsion)

Corresponding object on AdS side?

＝
D3-brane wrapping a non-trivial 
three-cycle in Τ𝑆3 ℤ𝑘 ⊂ 𝑆5/ℤ𝑘

Quantum fluctuation of wrapped D3s Finite 𝑁 correction to the index

Idea

[Witten (1998)]



BPS D3 config. in 𝐴𝑑𝑆5 × (𝑆5/ℤ𝑘)

BPS brane config. = Holomorphic surface 𝐻 ∩ 𝑆5

BPS spherical
D3 (𝑆3)

For 𝑆5/ℤ𝑘

Red circle = wrapped D3
classified by 

𝐻3 Τ𝑆5 ℤ𝑘 , ℤ = ℤ𝑘

Wrapped D3 is specified 
by winding number 𝑚 ∈ ℤ𝑘

[Mikhailov (2000)]



Wrapped D3s with various windings

invariance for 𝑓 𝑋, 𝑌, 𝑍 = 0 under the S-fold projection

This represents wrapped D3 with winding number 𝑚.

Various objects on AdS side

・KK gravitons: already known, 𝒪 1 ∼ 𝒪(𝑞𝑘𝑁−1)

・Wrapped D3 w/ single windings: 𝑚 = ±1, 𝒪 𝑞𝑁 ∼

・Wrapped D3 w/ multiple windings: 𝑚 ≥ 2, 𝒪 𝑞|𝑚|𝑁 ∼

・Giant gravitons: D3 with no winding, 𝒪 𝑞𝑘𝑁 ∼

We consider
today

We do not
know

Our calculation may be reliable up to 𝒪(𝑞2𝑁)



Winding 𝑚 = ±1 sector

Excited stateground states 
with 𝑚 = −1

Various ground states 
with 𝑚 = 1

They are degenerating!
cannot satisfy
the condition

does not exist



Winding 𝑚 = ±1 sector

Excited stateground states 
with 𝑚 = −1

Various ground states 
with 𝑚 = 1

They are degenerating!

Let us focus on 𝑘 = 3 S-fold case in the following

①
②



Non-degenerate case (𝑚 = −1)

The ground state is represented by 𝑋 = 0: winding number 𝑚 = −1

Its mass and angular momentum 𝑅𝑥 = 𝑁

Contribution to the index from 𝑋 = 0 ground state = 𝑞𝑁𝑢𝑁

Ground state



Non-degenerate case (𝑚 = −1)

Quantum fluctuations or
excitations around ground state

1-particle contribution 
of 𝑈(1) theory

should give correction 𝒪(𝑞𝑁+𝑛) to the index

If 𝑛 ≪ 𝑁,  fluctuations can be described 
as an effective 𝑈(1) theory on wrapped D3 

described by 
𝑈 1 theory

Multi-particle = Pexp(one-particle)

where



Degenerate case (𝑚 = 1)

General ground states:

Whole space is covered by two patches:

contains 𝑌 = 0
as 𝑐 = 0.

contains 𝑍 = 0
as 𝑏 = 0.

𝑌 = 0 similar analysis to 𝑋 = 0

Different point! 1-particle index has a zero mode.

Pexp

Config. space = ℂ𝑃1

Cf)



Expanding denominator

Regarded as other ground states
𝑌 = 0

Config. space: ℂ𝑃1 It is sufficient to consider 𝒀 = 𝟎 and 𝒁 = 𝟎.

But the infinite series is 
incorrect in physical sense

We need to sum up 𝑌 = 0 and 𝑍 = 0.

Is it a double counting?  ⇒ No!



Let us consider 𝑁 = 2 case as an example

For 
𝑢

𝑣2
< 1 we have (for 

𝑣2

𝑢
in a similar manner)

Cancelation!

This has only finite terms and is correct answer!



Final formula

In general, we can consider composite ops. 
composed of KK bubbles and wrapped D3s.

gives finite 𝑁 corrections to SCI

For other S-folds, similar formula can be obtained.



Comparison to known results

Orientifold (ℤ2 S-fold) theory = 𝑆𝑂(2𝑁) gauge theory

Can be compared with localization results 

For 𝑘 ≥ 3 SUSY enhancement occurs for rank one and two

Enhanced theory has a certain gauge group

𝒩 = 3 → 𝒩 = 4

Can also be compared with 
localization results! 

Our results should agree with localization results up to 𝒪(𝑞2𝑁)
since we consider only 𝑚 = ±1 sector.

[Aharony and Tachikawa (2016)]



Results 1

Label = 𝑆(𝑘, 𝑁)

For 𝑁 = 1

error ∼ 𝒪 𝑞2 = 𝒪(𝑞2 ∙1)

effect of multiple winding or giant graviton (no winding)

We temporary shift 𝑦 → 𝑦𝑞1/2 for convenience.



Results 2

Label = 𝑆(𝑘, 𝑁)

For 𝑁 = 2

error ∼ 𝒪 𝑞4 = 𝒪(𝑞2∙2) expected results.



3. Summary and Future Work

• We have investigated the S-fold theory to understand 
the genuine 𝒩 = 3 SCFT.

• We focused on the Pfaffian operators which correspond 
to the wrapped D3-branes.

• We calculated the finite N correction of the index from 
the effective 𝑈(1) theory on wrapped D3-branes.

• Our results agree with the known results up to 𝒪(𝑞2𝑁)
expected from the existence of multiple windings or GG.

• It is expected that our method for the index is also 
applicable for various D3 backgrounds.

• As an example, we are now calculating the index for the 
orbifold theories which correspond to the quiver gauge 
theories on the CFT side.



Thank you for your attention.


